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Abstract
LetF be an algebraically closed ﬁeld of characteristic different from 2.We classify the ﬁnite groups
G forwhich every irreducibleF -representation ofG is of degree 1 or 2 and the degree 2 representations
are ∗-stable. We then use this to decide when the skew elements in a group ring commute.
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1. Introduction
Let G be a ﬁnite group, and consider the irreducible representations  : G→ GLn(F ),
whereF is an algebraically closedﬁeld. Someconditions underwhich all of these irreducible
representations will have small degree are discussed in Chapter 6 of [11]. When F has
characteristic zero, Amitsur found the conditions on G under which all of the irreducible
representations have degree 1 or 2 (See [1].) The ﬁrst of our main results in this paper will
be to extend this to all algebraically closed ﬁelds of characteristic different from 2. Our ﬁrst
result is
Theorem 1. Let G be a ﬁnite group, and suppose that F is an algebraically closed ﬁeld of
characteristic p> 2. Then all irreducible F-representations of G are of degree 1 or 2 if and
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only if G has a normal Sylow p-subgroup P, and
1. G/P is abelian,
2. G/P has an abelian subgroup of index 2, or
3. (G/P )/(G/P )  C2 × C2 × C2.
Here,  denotes the centre of the group.Next,wewish to consider∗-stable representations.
Recall that for any representation  : G→ GLn(F ), we can deﬁne another representation
∗ : G→ GLn(F ) via∗(g)=((g−1))T,whereT denotes the usualmatrix transpose.This
new representation, ∗, is called the contragredient representation.We say that  is ∗-stable
(or self-contragredient) if  and ∗ are equivalent representations. When charF does not
divide |G|, we can speak of the character  of . In this case, an irreducible representation
 will be ∗-stable if and only if (g)= (g−1) for all g ∈ G. Our second main result is
Theorem 2. Let F be an algebraically closed ﬁeld of characteristic different from 2, and
let G be any ﬁnite group. Then the irreducible F-representations of G have degree at most
2, and the degree 2 irreducible F-representations of G are ∗-stable, if and only if
(a) char F = 0 and
1. G is abelian,
2. G contains an abelian subgroup A of index 2, and for every x ∈ G\A, x−1ax=a−1
for all a ∈ A,
3. G contains a subgroup A of index 2, and A is an elementary abelian 2-group, or
4. the centre of G is an elementary abelian 2-group of index 4 in G; or,
(b) charF = p> 2,G has a normal Sylow p-subgroup P, and G/P is of one of the types
(1)–(4) described above.
We will prove Theorem 1 in Section 2 and Theorem 2 in Section 3. In Section 4, we will
apply these results to obtain a theorem about skew elements in group rings.
Throughout, we will frequently identify  : G→ GLn(F )with the ring homomorphism
FG → Mn(F) obtained by extending F -linearly, and we shall write  for both.
2. Proof of Theorem 1
Let us begin with the proof of Theorem 1. We will need to borrow
Lemma 1. Let G be a group and let F be any ﬁeld. Suppose that all irreducible F-
representations of G are of degree 1 or 2. Then if H is either a subgroup or homomorphic
image of G, then every irreducible F-representation of H is of degree 1 or 2.
Proof. See [11, Lemma 6.1.3]. 
The following lemma does most of the work in proving the ﬁrst theorem. Recall that for
any prime q and any ﬁnite groupG, a normal q-complement inG is a normal subgroup H
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such that H is a q ′-group and G/H is a q-group. Also note that we write NG(H) for the
normalizer of H in G.
Lemma 2. Let F be an algebraically closed ﬁeld of characteristic p> 2, and let G be a
ﬁnite group such that every irreducible F-representation of G is of degree 1 or 2. Assume
that G is not a p-group, and let q be the smallest prime, other than p, which divides |G|.
Then G has a normal q-complement.
Proof. Suppose our lemma fails, and let G be a group of minimal order for which it is
false. Consider all of the nontrivial q-subgroups of G, and look at their normalizers in G.
If, for every nontrivial q-subgroup Q,NG(Q) = G, then, by Lemma 1, every irreducible
F -representation ofNG(Q) is of degree 1 or 2, so by minimality of |G|, we see thatNG(Q)
has a normal q-complement, H . Now, H and Q are normal subgroups of relatively prime
order in NG(Q), so they centralize each other. Thus, by Frobenius’ Theorem [12, 10.3.2],
G has a normal q-complement, as required.
Thus, we may assume that G has a nontrivial normal q-subgroup, Q. If Q′ = 1, then
we may replace Q with Q′, since Q′ is normal in G as well. Certainly, Q is nilpo-
tent, so we will eventually obtain a nontrivial normal abelian q-subgroup Q in this way.
Now, since |G/Q|< |G|, and the irreducible F -representations of G/Q have degree at
most 2, G/Q has a normal q-complement. (If G/Q is a q ′-group, this is a triviality.)
Thus, there exists a normal subgroup H of G, containing Q, such that H/Q is a q ′-
group and G/H is a q-group. By the Schur–Zassenhaus Theorem [12, 9.1.2], there ex-
ists a subgroup K of H such that H = QK (where |K| = |H/Q| is relatively prime
to q).
We claim that H = Q × K . Indeed, suppose V is an irreducible right FH-module of
dimension 2 over F . Let W be an irreducible FQ-submodule of V . Since Q is abelian,
W has dimension 1. By Clifford’s Theorem [12, 8.1.3], Wh is an irreducible FQ-module
for every h ∈ H , and V =∑h∈H Wh. By comparing dimensions, we see that there ex-
ists some h ∈ H such that V = W ⊕ Wh. We have two cases to consider. First, if
W and Wh are not isomorphic as FQ-modules, then again by Robinson [12, 8.1.3], for
each k ∈ K we have Wk = W or Wh, and Whk = W or Wh. Thus, K has an ac-
tion on {W,Wh} given by right multiplication by elements of K . The orbits of this ac-
tion must have order dividing |K|. But if H has even order, then q = 2, so K , being a
q ′-group, has odd order in any event. Since |{W,Wh}| = 2, this orbit size must be 1.
That is, WK = W , and since WQ = W , we have WH = W . Since V is irreducible, this
is impossible.
Thus, we may assume that W and Wh are isomorphic FQ-modules. Now, W and Wh
are each one-dimensional, so every element x ∈ Q acts on W (hence on W ⊕ Wh =
V ) as an element of F . Thus, the action of x commutes with the action of any other
element, so x−1h−1xh acts trivially on V , for all x ∈ Q, all h ∈ H , and all 2-dimensional
irreducible FH-modules V . This would certainly be true for all 1-dimensional modules as
well. Therefore, since all irreducible FH-modules have degree at most 2 (by Lemma 1),
x−1h−1xh acts trivially on all irreducible FH-modules. Thus, by Lam [7, Corollary 8.6],
x−1h−1xh is a p-element. But Q is a normal subgroup, so x−1h−1xh ∈ Q, and Q is a
q-group. Therefore, x−1h−1xh= 1, andQ is central. Thus, H =Q×K .
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Evidently, in this case, K is a characteristic subgroup of H , which is normal in G, so K
is normal inG. Now,G/H is a q-group, and so isH/K  Q, henceG/K is a q-group and
K is a normal q-complement in G. 
Lemma 3. Let G be a ﬁnite group, and F an algebraically closed ﬁeld with characteristic
p> 2. If every irreducible F-representation of G has degree at most 2, then the p-elements
of G form a normal subgroup.
Proof. Our proof is by induction on the number of primes besides p dividing |G|. If this
number is 0, there is nothing to prove. If not, let q be the smallest prime other thanp dividing
|G|. By Lemma 2, G has a normal q-complement, H . By Lemma 1, every irreducible F -
representation of H has degree at most 2, so by induction, the p-elements of H form a
normal subgroup P . Of course, P is characteristic in H , hence normal in G. Since G/H
is a q-group, the Sylow p-subgroup of G is the Sylow p-subgroup of H , and we are
done. 
At this point, we refer the reader to [6, Chapter 15] for a discussion of Brauer characters.
The result of this discussion is that ifF is algebraically closed andG contains no elements of
order charF , then the irreducible F -characters ofG are in one-to-one correspondence with
the irreducible complex characters of G, and furthermore, this correspondence preserves
the degrees of the characters.
Lemma 4. If F is an algebraically closed ﬁeld with charF =p> 0, andG is a ﬁnite group
with no elements of order p, then the irreducible F-characters of G are all of degree 1 or 2
if and only if the irreducible complex characters of G are all of degree 1 or 2.
Proof. See [6, Theorem 15.13]. 
We also need to borrow the result due to Amitsur for the characteristic zero case.
Lemma 5. Let G be a ﬁnite group, and F an algebraically closed ﬁeld of characteristic
zero. Then all irreducible F-representations of G are of degree 1 or 2 if and only if
1. G is abelian,
2. G has an abelian subgroup of index 2, or
3. G/(G)  C2 × C2 × C2.
Proof. See [1]. 
Proof of Theorem 1. Suppose every irreducible F -representation ofG has degree at most
2. Then by Lemma 3, G has a normal Sylow p-subgroup P , and by Lemma 1, every
irreducible F -representation ofG/P has degree at most 2. SinceG/P is a p′-group, every
irreducible complex representation ofG/P has degree atmost 2, byLemma4.Thus, Lemma
5 gives the possibilities for the structure of G/P .
Conversely, if G has a normal Sylow p-subgroup P , then by Lam [7, Corollary 8.6],
P acts trivially on every irreducible FG-module, so the irreducible F -representations of
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G are precisely those of G/P . But G/P has no elements of order p, and in this case, as
above, Lemma 4 applies, so if G/P is of one of the three types described therein, then the
irreducible F -representations of G have degree at most 2. 
3. Proof of Theorem 2
Now, let us handle the characteristic zero case of Theorem 2. Until further notice, we will
assume that all representations and characters are over an algebraically closed ﬁeld F of
characteristic zero. Let us suppose that all irreducible F -representations ofG are of degree
at most 2, and that the nonlinear irreducible representations are ∗-stable. Lemma 5 gives us
three possibilities for G. If G is abelian, then all irreducible representations are linear and
there is nothing to worry about. In fact, the next two lemmata will show that we can avoid
the third case in Lemma 5 as well.
Since FG is semisimple by Maschke’s Theorem, we can write FG as the direct sum of
the images of FG under the various irreducible representations. That is, if 0 =  ∈ FG,
then there exists an irreducible representation  of G such that () = 0. We have
Lemma 6. Suppose G is a ﬁnite nonabelian group. If every nonlinear irreducible repre-
sentation of G is ∗-stable, then (G) is an elementary abelian 2-group.
Proof. Suppose (G) is not an elementary abelian 2-group. Then we may choose z ∈ (G)
such that z2 = 1. SinceG is not abelian, let us choose g and h ∈ Gwhich do not commute.
Then letting a = g−1h−1gh, we see that a = 1. Then we observe that
(1− a)(1− z2)= 1− a − z2 + az2 = 0
since 1 cannot cancel with a or z2. Thus, there exists some irreducible representation  :
FG → Mn(F) such that ((1 − a)(1 − z2)) = 0. That is, neither (a) nor (z2) is the
identity matrix. If  is linear, then any commutator in G maps to the identity matrix, so 
is nonlinear and therefore, ∗-stable. That is, (z) and ((z−1))T are similar matrices. But
since z is central in FG, and  is surjective, (z) is central in Mn(F), and is therefore a
scalar multiple of the identity matrix. Hence, (z)= ((z−1))T = (z−1), and (z2) is the
identity matrix. This is a contradiction, and the proof is complete. 
Lemma 7. Suppose that G is a ﬁnite group, with G/(G)  C2 × C2 × C2, and every
nonlinear irreducible representation of G is ∗-stable. Then G has an abelian subgroup of
index 2.
Proof. SinceG/(G) is abelian,G is nilpotent. Therefore, wemaywriteG asB×C, where
B is a 2-group and C is a group of odd order. Now, (G)= (B)× (C), and sinceG/(G)
is a 2-group, we can see that C must be abelian. If we can ﬁnd an abelian subgroup A of
index 2 inB, thenA×C will be an abelian subgroup of index 2 inG.Also, every irreducible
representation of B =G/C gives an irreducible representation ofG viaG→ G/C, so the
nonlinear irreducible representations of B are ∗-stable. Therefore, we may assume that G
is a 2-group.
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In the same way, if N is a normal subgroup of G, then any irreducible representation
of G/N gives us an irreducible representation of G, via G → G/N , so the nonlinear
irreducible representations of G/N must be ∗-stable. By the last lemma, either G/N is
abelian or its centre is an elementary abelian 2-group. Thus, [4, Lemma 3.3] tells us thatG
has an abelian subgroup of index 2. 
Thus, we need only consider the second case of Lemma 5, so we may assume that
G has an abelian subgroup A of index 2. Let  be a linear character of A. As usual,
we will write G for the character on G induced by . If x ∈ G\A, then we will write
x for the character on A given by x(a) = (x−1ax). For any character , we will
write ∗ for the character of the contragredient representation. That is, ∗(g) = (g−1).
Also, if  is a character of G, then A will denote the restriction of  to A. Finally, on
any group G, we will use 〈·, ·〉G to denote the standard inner product on the characters
of G. We have
Lemma 8. Let G be a ﬁnite group, and let A be an abelian subgroup of index 2 in G. Let x
be any element of G, outside of A. Suppose that every nonlinear irreducible character of G
is ∗-stable. Then for any linear character  of A,  is equal to x, ∗, or (x)∗.
Proof. Let  be a linear character of A. By deﬁnition of the induced character, we can see
that G(a) = (a) + (x−1ax), for all a ∈ A. That is, (G)A =  + x . By the Frobenius
Reciprocity Theorem [12, 8.4.4], we can see that
〈G, G〉G = 〈, (G)A〉A = 〈, + x〉A.
Now, 〈, 〉A = 1, since  is irreducible, and 〈, x〉A = 0 unless  = x (which is one of
the possibilities we are allowing). Thus, unless = x , we have 〈G, G〉G = 1, hence G
is irreducible.
Now, since G is irreducible, it is ∗-stable. Therefore, in particular, G(a) = G(a−1)
for all a ∈ A. That is, (a) + x(a) = (a−1) + x(a−1), or equivalently,  + x =
∗ + (x)∗. Since these are all irreducible characters, we conclude that  = ∗ or (x)∗,
as required. 
Lemma 9. Let H be a ﬁnite group with subgroups H1, H2 and H3. If H =H1 ∪H2 ∪H3,
then either H =Hi for some i, or |H : Hi | = 2 for all i.
Proof. Suppose H = Hi for all i. If no Hi is of index 2, then each contains at most 13 of
the elements of H , and since they have at least the identity element in common, the union
cannot be all of H . Therefore, some Hi has index 2. Let us say, without loss of generality,
that H1 has index 2 and |H : H2| = a > 2. Then |H : H1 ∩H2|2a, hence
|H1 ∪H2| = |H1| + |H2| − |H1 ∩H2| |H |2 +
|H |
a
− |H |
2a
= |H |
2
+ |H |
2a
.
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Now, if H3 has index b, then H1 ∩ H3 has index at most 2b, so H3 contributes at most
|H |/b − |H |/2b = |H |/2b new elements. Our total is at most
|H |
(
1
2
+ 1
2a
+ 1
2b
)
and since a > 2 and b2, this is less than |H |, giving us a contradiction. 
Lemma 10. Let G be a ﬁnite group having an abelian subgroup A of index 2. Suppose that
every nonlinear irreducible representation of G is ∗-stable. Then G is of one of the types
(1)–(4) described in part (a) of Theorem 2.
Proof. Let H be the set of all linear representations of A. Clearly, H is a group under
( · )(a) = (a)(a). Take any x ∈ G\A. Let H1 = { ∈ H :  = x}, H2 = { ∈ H :
=∗}, andH3={ ∈ H : = (x)∗}. Clearly, theHi are subgroups ofH , and by Lemma
8, H =H1 ∪H2 ∪H3. Thus, by Lemma 9, either H =Hi for some i, or |H : Hi | = 2 for
all i.
IfH =H1, then for every a ∈ A, we have (a)= (x−1ax) for all irreducible characters
 of A. That is, a and x−1ax are conjugate in A. Since A is abelian, a = x−1ax for all
a ∈ A, hence A is central, and G is abelian (type (1)).
If H =H2, then for every a ∈ A, we have (a)= (a−1) for all irreducible characters 
of A, and therefore a = a−1 for all a ∈ A. Thus, G is a group of type (3).
IfH =H3, then for every a ∈ A, we get (a)=(x−1a−1x) for all irreducible characters
 of A, and therefore x−1ax = a−1 for all a ∈ A. Thus, G is a group of type (2).
So, we may assume that H = Hi for any i, and therefore H1 has index 2 in H . Let
B = {a ∈ A : (a) = 1 for all  ∈ H1}. Clearly, B is a subgroup of A. We claim that B
contains at most 2 elements. Suppose 1, b1 and b2 are distinct elements of B. Then there
exists 1 ∈ H such that 1(b1) = 1. Of course, 21 ∈ H1, so 21(b1)= 1, and 1(b1)=−1.
Thus, b1 has even order so |B| = 3 and we may assume that b2 = b−11 . Thus, there exist
2, 3 ∈ H such that 2(b2)=−1 and 3(b1b2)=−1. Now, 12 ∈ H1 (since neither 1 nor
2 is inH1, andH1 has index 2), so 1=1(b1)2(b1)=−2(b1). Thus, 2(b1b2)=(−1)2=1.
But then 23(b1b2) = −1. However, 23 ∈ H1, and this is a contradiction. Thus, B has
at most two elements.
Now, consider any a1, a2 ∈ A. Notice that if  ∈ H1, then (ai) = (x−1aix), hence
a−1i x−1aix ∈ ker . Thus, a−1i x−1aix ∈ B. Now, if this element is 1, then ai is central in
G. If neither a1 nor a2 is central, then since |B|2, we have a−11 x−1a1x=a−12 x−1a2x, and
therefore a2a−11 x−1=x−1a2a−11 . That is, a2a−11 commutes with x and is central, Therefore,
for any two noncentral elements ofG contained inA, the product is central, andA contains
a central subgroup of index at most 2, Thus,G contains a central subgroup of index dividing
4. Now, ifG/(G) is cyclic, thenG is abelian (type (1)), so we may conclude that eitherG
is abelian or the centre is of index exactly 4, and by Lemma 6, in the latter case, the centre
is an elementary abelian 2-group (and G is of type (4)). 
We now need the converse direction of the characteristic zero case. If G is abelian, then
every irreducible representation is of degree 1, so there is no problem. Let us take care of
the next two cases.
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Lemma 11. If G is a group of type (2) or (3) in Theorem 2, then the irreducible repre-
sentations of G have degree at most 2, and the nonlinear irreducible representations are
∗-stable.
Proof. Lemma 5 tells us that the irreducible representations have degree at most 2. Let  be
a nonlinear irreducible character onG.We claim that  is induced from a linear character on
A. Indeed, A is a degree 2 character onA, so we may write A=+ for (not necessarily
distinct) linear characters  and  on A. Now, by Frobenius reciprocity,
〈, G〉G = 〈A, 〉A = 〈+ , 〉A
and this is 1 or 2 depending on whether  = . In any case, 〈, G〉G = 0, so since  is
irreducible,  is a summand of G. But both of these characters have degree 2, hence =G,
as claimed.
Now, if  is any linear character on A, then by deﬁnition of the induced character, G
vanishes outside ofA, so surely (g)=(g−1)whenever g /∈A. On the other hand, when a ∈
A, we can see that G(a)=(a)+(x−1ax), and therefore G(a−1)=(a−1)+(x−1a−1x).
Now, ifG is of type (2), then x−1ax = a−1, and therefore G(a)= G(a−1), whereas ifG
is of type (3), then a = a−1, and again, G(a)= G(a−1). We are done. 
Finally, let us deal with the groups of type (4).
Lemma 12. Let G be a ﬁnite nonabelian group withG/(G) abelian. Let  be any faithful
representation of G with character . Then (x)= 0 whenever x ∈ G\(G).
Proof. Since x is not central, let us choose y ∈ G which does not commute with x. Now,
G/(G) is abelian, hence x−1y−1xy=z ∈ (G), where z = 1. Thus, y−1xy=xz. It follows
that (x)= (y−1xy)= (xz). But since z is central, (xz)= (x), where  is a nonzero
ﬁeld entry. Indeed, since  is faithful,  = 1 as well. But now (x) = (xz) = (x), and
since  = 1, we must have (x)= 0. 
The proof of the characteristic zero case is completed via
Lemma 13. Suppose G is a ﬁnite group, (G) is an elementary abelian 2-group, and (G)
has index 4 in G. Then every irreducible representation of G has degree at most 2 and the
nonlinear irreducible representations are ∗-stable.
Proof. Choosing x ∈ G\(G), we can see that the group generated by (G) and x is abelian
of index at most 2, so by Lemma 5, the irreducible representations have degree at most 2.
Let  be an irreducible degree 2 representation of G, and let N = ker . Then  gives
us a faithful irreducible degree 2 representation ofG/N . Notice that (G)N/N(G/N),
so (G/N) has index dividing 4 in G/N . If the group is cyclic modulo its centre, it is
abelian, and an abelian group cannot have an irreducible degree 2 character. Therefore
(G/N)=(G)N/N , and it is of index 4 inG/N . Also, (G)N/N is clearly an elementary
abelian 2-group. Therefore, by Lemma 12, if  is the character of , then  vanishes outside
of (G)N . Thus, if x ∈ G\(G)N , then (x)=0=(x−1). If x=zn, with z ∈ (G), n ∈ N ,
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then (zn)= (z), hence (zn)= (z), and similarly ((zn)−1)= (z−1). But since (G)
is an elementary abelian 2-group, (z)= (z−1), and we are done. 
By referring to the material on Brauer characters in [6, Chapter 15], we see that the
following lemma holds.
Lemma 14. Let F be an algebraically closed ﬁeld of characteristic p> 2, and let G be a
p′-group. Then the degree 2 irreducible F-representations of G are ∗-stable if and only if
the degree 2 irreducible complex representations of G are ∗-stable.
Finally we have the
Proof of Theorem 2. The characteristic zero case is done. Let charF = p> 2. Suppose
every irreducible F -representation of G is of degree 1 or 2, and the degree 2 irreducible
F -representations are ∗-stable. By Lemma 3, G has a normal Sylow p-subgroup P , and
clearly, every irreducible representation of G/P induces one of G via G → G/P , so the
irreducibleF -representations ofG/P are of degree 1or 2 and the nonlinear ones are∗-stable.
By Lemma 4 and Lemma 14, the same is true of the irreducible complex representations.
Thus, G/P is a group of one of the types (1)–(4) in Theorem 2.
Conversely, ifG has a normal Sylow p-subgroup P andG/P is of one of the four types,
then by Lam [7, Corollary 8.6], P acts trivially on every FG-module, so the irreducible F -
representations ofG are precisely those ofG/P .As above, Lemmata 4 and 14 apply toG/P ,
and since the characteristic zero case tells us that the irreducible complex representations
are of degree at most 2, and the nonlinear ones are ∗-stable, the same holds for the F -
representations. We are done. 
4. Skew elements in group rings
On any ring R, we may deﬁne the Lie bracket via
[x, y] = xy − yx
for all x, y ∈ R, and recursively,
[x1, . . . , xn+1] = [[x1, . . . , xn], xn+1]
for all xi ∈ R.A subset ofR is said to be Lie nilpotent if there exists an integer n2 such
that [x1, . . . , xn] = 0 for all xi ∈ R. For a positive integer n, is said to be Lie n-Engel if
[x, y, . . . , y︸ ︷︷ ︸
n times
] = 0
for all x, y ∈ .
The conditions under which a group ring FG is Lie nilpotent were determined by Passi
et al. [10], and the Lie n-Engel property was handled by Sehgal in [13]. But we are also
interested in particular subsets of FG. For any group G and ﬁeld F , we can deﬁne the
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standard involution on FG via (
∑
g∈G gg)∗ =
∑
g∈G gg−1, for all g ∈ F . The elements
ﬁxed by ∗ are called the symmetric elements, and we write
(FG)+ = { ∈ FG : ∗ = }.
Similarly, we have the set of skew elements, given by
(FG)− = { ∈ FG : ∗ = −}.
Clearly, the skew elements are generated (as an F -module) by the elements x − x−1, for
all x ∈ G, when charF = 2.
In [3], Giambruno and Sehgal showed that if charF = 2 and G contains no 2-elements,
then if either (FG)+ or (FG)− is Lie nilpotent, then so is FG. This is clearly not true when
G does contain 2-elements. In [8], the author showed that the groupsG for which (FG)+ is
Lie nilpotent but FG is not are precisely the groupsQ8×E×P , whereQ8 is the quaternion
group of order 8, E is an elementary abelian 2-group, and P is a ﬁnite p-group, where p
= charF (and P is trivial if charF = 0). The author also proved similar results for the Lie
n-Engel property in [9].
But these results for groups with 2-elements are only for the symmetric elements. The
skew elements are more difﬁcult to deal with, since they commute when G is any dihedral
group, but the group ring is not even Lie n-Engel, provided charF = 2. Recently, in [2],
Giambruno and Polcino Milies determined when (FG)− will be Lie nilpotent, provided FG
is semiprime or G is not torsion, when charF = 2.
Let us consider, for a moment, the case where G is ﬁnite and charF is a prime p not
dividing |G|. Suppose that (FG)− is Lie n-Engel. Choosing m such that pm exceeds n, we
get
0= [x − x−1, y − y−1, . . . , y − y−1︸ ︷︷ ︸
pm times
] = [x − x−1, ypm − y−pm ]
for all x, y ∈ G. Choosing a sufﬁciently large m such that ypm = y (which is possible
since p does not divide |G|), we have [x − x−1, y − y−1] = 0. That is, if (FG)− is Lie
n-Engel (or Lie nilpotent, which is stronger), then the skew elements commute. If we take
that as our desired property, we can actually allow the characteristic to divide |G|, and as
an application of Theorem 2, we can prove
Theorem 3. Let F be a ﬁeld of characteristic different from 2, and let G be a ﬁnite group.
Then (FG)− is commutative if and only if
1. G is abelian,
2. G  A〈x〉, where A is abelian, x has order 2, and x−1ax = a−1 for all a ∈ A, or
3. G contains a subgroup A of index 2, and A is an elementary abelian 2-group.
We can eliminate the characteristic problem via
Lemma 15. Let F be a ﬁeld of characteristic different from 2, and let G be a ﬁnite group.
Then the skew elements of FG commute if and only if for every x, y ∈ G, at least one of the
following occurs: x2 = 1, y2 = 1, (xy)2 = 1, or xy = yx.
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Proof. Expanding [x − x−1, y − y−1] = 0, we obtain
xy + x−1y−1 + yx−1 + y−1x − x−1y − xy−1 − yx − y−1x−1 = 0.
Now, xy must cancel with something. If charF = 2, 3, then xy must agree with a subtracted
term. If xy = x−1y, then x2 = 1. If xy = xy−1, then y2 = 1. And if xy = y−1x−1, then
(xy)2 = 1. The remaining case is xy = yx, and we have our four possibilities.
So, suppose charF = 3, x2 = 1, y2 = 1, (xy)2 = 1 and xy = yx. Then xy must
cancel with exactly two of {x−1y−1, yx−1, y−1x}. Suppose xy = x−1y−1 = yx−1. Then
y−1xy=x−1, and therefore y−1x=x−1y−1= xy, which is a contradiction, as the coefﬁcient
of xy in [x − x−1, y − y−1] will be 1, not 0. Next, suppose xy = x−1y−1 = y−1x. Then
x−1yx = y−1, and therefore yx−1 = x−1(xyx−1)= x−1y−1 = xy, again, a contradiction.
Finally, suppose xy = yx−1 = y−1x. Then y−1xy = x−1, hence x−1y−1 = y−1x = xy,
a contradiction. It follows that if (FG)− is commutative, then for each x and y, we have
x2 = 1, y2 = 1, (xy)2 = 1, or xy = yx.
Conversely, suppose that for all x, y ∈ G we have x2= 1, y2= 1, (xy)2= 1 or xy = yx.
Choose any a, b ∈ G.We want to prove that [a−a−1, b−b−1]=0. If a2=1, then a=a−1,
and there is no problem. Similarly if b2 = 1. If a and b commute, then certainly so do
a − a−1 and b − b−1. So, suppose that a2 = 1, b2 = 1, ab = ba, and (ab)2 = 1. Then,
ab = b−1a−1. Now, consider the elements a and a−1b. We get that a2 = 1 (not allowed),
(a−1b)2 = 1, 1= (aa−1b)2 = b2 (not allowed), or aa−1b = a−1ba, and a and b commute
(not allowed). Therefore (a−1b)2=1, and a−1b=b−1a. Similarly, considering the elements
ab−1 and b, we obtain ab−1 = ba−1, and considering a−1b−1 and b, we get a−1b−1 = ba.
Therefore,
[a − a−1, b − b−1] = (ab − b−1a−1)+ (a−1b−1 − ba)+ (ba−1 − ab−1)
+ (b−1a − a−1b)= 0.
We are done. 
The advantage of Lemma 15 is that the equivalent condition given for (FG)− to be
commutative does not depend upon F (except in that charF = 2). Thus, we may as
well assume that F = C. In the next lemma, we will make use of all of our work on the
representations of degree atmost 2.Wewill need a bit of terminology. LetR be anF -algebra,
and let F {x1, x2, . . .} be the free algebra. Then 0 = f (x1, . . . , xn) ∈ F {x1, x2, . . .} is said
to be a polynomial identity forR if f (a1, . . . , an)=0 for all a1, . . . , an ∈ R. Also, if we let
F {x1, x∗1 , x2, x∗2 , . . .} be the free algebra with involution, then 0 = f (x1, x∗1 , . . . , xn, x∗n) ∈
F {x1, x∗1 , . . .} is said to be a ∗-polynomial identity forR if f (a1, a∗1 , . . . , an, a∗n)=0 for all
a1, . . . , an ∈ R. In particular, if (FG)− is commutative, then FG satisﬁes [x1−x∗1 , x2−x∗2 ],
which is a ∗-polynomial identity of degree 2. We have
Lemma 16. If G is a ﬁnite group and (CG)− is commutative, then the irreducible complex
representations of G are of degree at most 2 and the nonlinear ones are ∗-stable.
Proof. By Maschke’s Theorem, CG is semisimple, so CG
⊕
i Mni (C). Now, CG sat-
isﬁes a ∗-polynomial identity of degree 2, hence by Herstein [5, p. 196], it satisﬁes a
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polynomial identity of degree at most 4. Therefore, each Mni (C) satisﬁes a polynomial
identity of degree at most 4. Thus, by Passman [11, Lemma 5.1.4], each ni2. That is, the
irreducible complex representations of G have degree at most 2.
Choose any i such that ni = 2 and let  : CG → M2(C) be the corresponding repre-
sentation. We want to show that  and ∗ are equivalent, where ∗(g)= ((g−1))T for all
g ∈ G. That is, ∗() = ((∗))T for all  ∈ CG. Suppose  and ∗ are not equivalent.
Then ⊕∗ : CG→ M2(C)⊕M2(C) is surjective. Thus, for anyA ∈ M2(C), there exists
 ∈ CG such that ()=A and ∗()=−AT. But then (∗)= (∗())T= (−AT)T=−A.
Hence,

(
− ∗
2
)
= A− (−A)
2
= A.
But (−∗)/2 ∈ (CG)−, and therefore (CG)− maps homomorphically ontoM2(C). Since
M2(C) is not commutative, (CG)− is not commutative, and we have a contradiction. 
Suppose that (CG)− is commutative. ThenG is a group of one of the types (1)–(4) from
Theorem 2. To obtain the conditions required by Theorem 3, we will have to dispense with
type (4) in Theorem 2 and restrict type (2).
Suppose (G) is an elementary abelian 2-group of index 4 in G. Take any a ∈ G\(G).
Let A = 〈(G), a〉. If A = G, then G/(G) is cyclic, so G is abelian (type (1)). If a has
order 2, then since A is abelian, it is an elementary abelian 2-group of index 2 inG, andG
is of type (3). So, we may assume that a2 = 1 and |G/A| = 2. Take any b ∈ G\A. In the
same way, we may assume that b2 = 1. If b commutes with a, then G= 〈A, b〉 is abelian.
If (ab)2 = 1, then since ab /∈A, we may take ab in place of b, so we can rule out that
possibility as well. Thus, we have a2 = 1, b2 = 1, (ab)2 = 1 and ab = ba. By Lemma
15, (CG)−1 is not commutative, and we have a contradiction. Thus, we may dispense with
the groups of type (4) in Theorem 2.
So, let us consider groups of type (2). Suppose G has an abelian subgroup A of index 2
with x−1ax = a−1 for all a ∈ A, x /∈A. We want to show that either G is abelian or there
exists x ∈ G\A with x2 = 1, and therefore G = A〈x〉. If A is central in G, then G is
abelian, so we may choose a ∈ A which is not central. That is, a2 = 1 (since x−1ax= a−1
for all x outside of A). Taking any x ∈ G\A, Lemma 15 tells us that a2 = 1 (impossible),
x2 = 1 (which we want), (ax)2 = 1, or ax = xa (impossible). But if (ax)2 = 1, then since
ax /∈A, we may take ax in place of x. Thus, if (CG)− is commutative, then G is of one of
the three types described in Theorem 3.
Proof of Theorem 3. We have seen that if (FG)− is commutative then so is (CG)− and if
so, then G is of one of the types (1)–(3).
Conversely, suppose G is of one of the types (1)–(3). We want to show that (CG)−
commutes (hence (FG)− commutes). If G is abelian, there is no problem. If G = A〈x〉
with A abelian, x2 = 1 and x−1ax = a−1 for all a ∈ A, then ﬁx any b, c ∈ G. If b, c ∈ A,
then they commute. If not, then given the dihedral action of x on A, we can see that every
element outside of A has order 2. If b2= 1, then [b− b−1, c− c−1]= [0, c− c−1]= 0, and
similarly if c2= 1. Therefore, [b− b−1, c− c−1]= 0 in any event, and (CG)−1 commutes.
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Finally, supposeG has an elementary abelian 2-subgroupA of index 2. Fix any b, c ∈ G.
By Lemma 15, it will sufﬁce if we can show that b2=1, c2=1, (bc)2=1 or bc= cb. But if
b ∈ A, then b2 = 1, and if c ∈ A, then c2 = 1. If neither is in A, then bc ∈ A, so (bc)2 = 1.
We are done. 
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